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Introduction

I N the late 1960s, Bird1 investigated the � ow over a delta wing
at high incidence and noted the asymmetric lifting of the apex

or tip vortices from the wing. However, a similar and more recent
investigation by Stahl et al.2 found the corresponding vortices to
be symmetrical instead. Stahl et al.2 and Ericsson3 attributed the
con� icting results to the different tip conditions of the two delta
wings. They pointed out that the delta wing of Stahl et al.2 had a
triangular tip with sharp edges, whereas the one used by Bird1 had
a conical tip, which presumably was subjected to the same source
of vortex asymmetry as an ogive–cylinder or a cone. The preceding
explanation implies that the nose geometry plays a crucial role in
determiningthe orientationof the tip vortices.To determinewhether
this is also true for other slender plates, we perform a series of � ow
visualizationstudies on an ogive-shapedplate at a high angle of at-
tack.As the name implies, theplate has the same pro� le as the center
plane of an ogive–cylinder in much the same way that a delta wing
has the same pro� le as the center plane of an axisymmetric cone.
This particular geometry is chosen for study because, apart from
addressing the issue of vortex asymmetry, it enables comparison
with previous experimental studies of the ogive–cylinder.4;5

Experimental Apparatus and Procedures
The experiments were performed in the National University of

Singapore’s 0.4 £ 0.4 m test section water channel using a dye
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visualization technique. A total of four ogive-shaped plates were
fabricated, with different tip and edge conditions. All of the plates
are 24 mm (D) wide and 3 mm thick and have the same tip � ness
ratio, that is, 3.5D, as the ogive–cylinder used in our earlier study
(Fig. 1a). In the � rst plate or model, the edges were chamferedat 45
deg and extended all of the way to the apex of the model. For ease
of reference, it is referred to as sharp tip and sharp edges (STSE)
(Fig. 1b). This model has the same tip and edge conditions as the
delta wing used by Stahl et al.2 In the second model, the edges were
also chamfered,but the apexhas an axisymmetricogive tip of length
5.27 mm (or 0.22D) (Fig. 1c). This model is referred to as ogive tip
and sharp edges (OTSE). The third model has the same ogive tip as
the OTSE model, but the edges are rounded with a radius of 1.5 mm
(half of the model thickness) (Fig. 1d). This model is referred to as
ogive tip and roundedges (OTRE) and is the counterpartof the delta
wing of Bird.1 The last model has the same apex geometry as STSE
and the round edges of OTRE. Accordingly, it is referred to as sharp
tip and round edges (STRE) (Fig. 1e). These four models provide
all of the possible combinations of sharp and rounded edge and tip
geometries.

In the actual experiment, the base of each ogive-shaped plate
was supported by a mechanism above the water surface, and the
plate pitched downward and pierced through the free surface. This
arrangementallowed the tip of the plate to be farthest away from the
free surface, hence ensuring that free surface effects, if any, were
kept to a minimum. Before each run, a height gauge was used to
align painstakingly the model with the centerline of the test section
and ensure that the yaw and roll angles were zero with respect to the
freestream. This laborious process was deemed necessary because
the accuracy of the results depended critically on the accuracy of
the model alignment.To visualize the � ow, dye was released slowly
and with minimum disturbance to the � ow from the two dye ports
located at 20 mm from the apex and slightly on the leeward side of
the model. In all cases, the groove that carries the stainlesstubingfor
the dye injection was � lled with epoxy resin and carefully shaped
to match the pro� le of the body. For the purpose of distinguishing
the two tip vortices, red dye was released from the port side of the
model, and blue dye was released from the mirror image port on the
starboard side. The operating Reynolds number based on the width
of the plate was approximately 3:2 £ 103.

The � ow patterns were captured from the bottom and side of the
test section using two charge-coupled device (CCD) video cam-
eras and a Nikon F3 single-lens-re�ex still camera equipped with
a Nikkor 50-mm lens. To avoid the effect of parallax, extreme care
was taken when aligning the camera with respect to the model. To
conform with the common practice of � ow direction from left to
right, the side views of the captured images have been rotated by
180 deg, as shown in Figs. 2 and 3.

Results and Discussion
In Fig. 2, the side and the plan views of the tip vortices for the

four ogive-shaped plates tested are displayed. Although the plates
were tested for a range of moderately high angles of attack ® from
40 to 60 deg, only the results for ® D 40 deg are presented because
the salient � ow features for the other anglesare essentiallythe same.

Figure 2a shows the results for the STSE plate at ® D 40 deg. It is
obvious from the dye patterns that the tip vorticeswere symmetrical
up to the locations of the apparent vortex breakdown.The existence
of the vortex breakdown is supported by the video images, which
clearlyshow a regionof recirculating� ow immediatelyafter the dye
core has undergone sudden enlargement. It is not clear what caused
the vortices to breakdown at the different positions, but a similar
phenomenon has often been observed on the tip vortices from delta
wings at high angles of attack.2

In Fig. 2b, the results for OTSE model are displayed. Here, it
can be seen that the vortices remained symmetrical up to the vortex
breakdownpositionsdespite the model having an axisymmetric tip.
This � ow behavior is contrary to the speculationby Stahl et al.2 and
Ericcson,3 which suggested that the vortices should be asymmetric
if the tip is rounded.That thevorticeswere not asymmetricindicated
that theaxisymmetrictipmay notbe solelyresponsiblefor thevortex
asymmetry. The sharp edges may have played an equally in� uential
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a) Schematic drawings of ogive-shaped plate

b) STSE

c) OTSE

d) OTRE

e) STRE

Fig. 1 Ogive-shaped plates.

role by restricting the movement of the � ow separation position,
thus inhibiting the vortices from becoming asymmetric.

When the sharp edges of OTSE model in Fig. 2b was replacedby
the roundedges, that is, theOTRE model, the vorticesswitchedfrom
the symmetrical to the asymmetrical state as is clearly depicted in
Fig. 2c. Note that the small extentof the vortexasymmetryobserved
here is consistent with the experimental results of Stahl6 and the
computational work of Fiddes and Williams,7 which show that the
extent of vortex asymmetry decreases as the model becomes � atter.
Because this model is the counterpart of the delta wing used by
Bird,1 it is not surprising that the present � nding is consistent with
those results.

When the ogive tip in Fig. 2c was replaced by a sharp triangular
tip as shown in the STRE model, the extent of the vortex asymmetry
increasedconsiderably,with the starboardvortex yawingaway from
the body much earlier than the port side vortex [Figs. 2d (i) and
2d (ii))]. This occurred despite the model having a triangular tip,
which, according to the conjecture by Stahl et al.2 and Ericcson,3

should produce symmetrical vortices. Note that the background of
the pictures in Figs. 2d (ii) and 4b (ii) has been enhanced to give a
better contrast of the dye pattern.

An inevitable question arises as to whether plate misalignment
may have caused the vortices in Figs. 2c and 2d to become asym-
metric. To ensure that this is not the case, the plates were also tested
at a low angle of attack of 30 deg, and in all cases the vortices
were found to be symmetrical. This � nding is consistent with the
previous published results on an ogive–cylinder and conical body
showing symmetrical tip vortices when ® is smaller than the onset
angle of vortex asymmetry. If the plates had been misaligned, one
would have expected to see some degree of vortex asymmetry as in
Figs. 2c and 2d at a low angle of attack.

From the preceding � ndings, it is clear that axisymmetric ogive
tip is not solely responsible for the vortex asymmetry, at least for
the ogive-shaped plates. The � ow separation positions also depend
critically on edge geometry. If the separation positions are � xed
by the sharp edges as in the models STSE and OTSE, then vortex
asymmetrywill notoccur, irrespectiveof the tip condition.Likewise,
having a triangular tip alone is no guarantee that the vortices will
become symmetrical as the STRE model has shown; the plate must
also have sharp edges.

To determine whether vortex asymmetry on the ogive-shaped
plates was also caused by vortex crowding as in the case of the
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a) STSE

b) OTSE

c) OTRE

d) STRE

Fig. 2 Dye pattern of � ow past ogive-shaped plates at ® = 40 deg to the oncoming � ow from left to right. Note the presence of symmetrical vortices
in parts a and b and asymmetrical vortices in parts c and d.
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ogive–cylinder, a � n or strake similar to that used by Ng8 was incor-
poratedon the OTRE and STRE models because they were the only
ones that produced asymmetric vortices. The dimensions of the � n
are indicatedin Fig. 3, with the � n installedsuch that its tip coincides
with the tip of the plate. It is clear from the results in Fig. 4 that the
� n had indeed caused the vortices to switch from an asymmetric to
a symmetric state as Ng has previously found (see also Refs. 9 and
10). Except for the presence of � ne-scale structures on the vortices,
there was no noticeable vortex breakaway from the body [compare
Figs. 4a (i) and 4a (ii) with Figs. 2c (i) and 2c (ii), and Figs. 4b (i) and
4b (ii) with Figs. 2d (i) and 2d (ii)]. This study clearlyshows that the
phenomenonof vortexcrowding is not restrictedto an axisymmetric
or conical tip, but can also occur for a triangular tip. Moreover, that
the � n suppressed the vortex asymmetry on the STRE and OTRE
models implies that in the absence of the vortex crowding, the in-
� uence of a micro surface imperfection on the round edges of the
models is probably not very signi� cant. This � nding is in line with
the suggestionby Ng8 that vortexcrowdinghas an amplifyingeffect
on the perturbation imposed by the micro surface imperfection on
the body.

Based on the present � ndings, it is reasonable to suggest that the
symmetric vortices observed by Stah et al.2 could have been con-
trolled by the sharp edges, which restricted the movement of the
separation positions. Similarly, the asymmetric lifting of the vor-
tices seen by Bird1 could have been enhanced by the round edges
(in combination with the possible effect of the micro surface im-
perfection), which allowed the movement of the � ow separation
positions.

Fig. 3 Dimensions of the vortex sep-
arating � n or strake.

a) OTRE

b) STRE

Fig. 4 Dye pattern of � ow past selected ogive-shaped plates with � n at ® = 40 deg to the oncoming � ow from left to right. Note that the incorporation
of the � n has transformed the asymmetric vortices in Figs. 2c and 2d to the symmetrical con� guration shown here.

Conclusions
Experimental investigations on four ogive-shaped plates have

been carried out. The results strongly suggest that an axisymmetric
ogive tip is not solely responsible for the phenomenon of vortex
asymmetry. The edge geometry also plays a crucial role.

The � n or strake investigation on the OTRE and STRE models
shows that the phenomenonof vortex crowding is not limited to the
ogive tip and can also occur on a triangular tip.

As a � nal remark, we would like to stress that although the tip
geometry may not be wholly responsible for the vortex asymmetry
(at least for the ogive-shapedplate), it does not mean that it has no
effect on the force distribution.Previous investigationson a slender
body of revolution showed that the tip condition plays a signi� cant
role in the overall force distribution of the body.
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Nomenclature
A.s/ = cross-sectionalarea of the beam
E.s/ = Young’s modulus of the material
Frv = force per unit arc length in the r direction caused

by the � exural de� ection parameter V
Fµv = force per unit arc length in the µ direction caused

by the � exural de� ection parameter V
Iz.s/ = area moment of inertia of the beam section

about the z axis
L = total length of the neutral axis of the beam
R = radius of the curved beam
s = arc length variable, s D Rµ
U .s/ = longitudinaldisplacement parameter
u = neutral axis displacement of the beam in the µ direction
V .s/ = � exural displacement parameter
v = neutral axis displacement of the beam in the r direction
¯ = angular frequency of the in-plane vibration
½.s/ = mass per unit volume of the beam

Introduction

C URVED-BEAM structureshave beenused in many aerospace,
mechanical, and civil engineeringapplicationssuch as curved

wires in missile-guidance � oated gyroscopes, stiffeners in aircraft
structures, turbomachinery blades, curved girder bridges, brake
shoes within drum brakes, spring design, and tire dynamics. It can
also be used as a simpli� ed model of a shell structure. Research in
this area can be traced back to the 19th century.1;2 An interesting
review can be found in the review papers by Markus and Nanasi,3

Laura and Maurizi,4 Childamparam and Leissa,5 and Auciello and
De Rosa.6

In general, the out-of-planeand the in-plane vibrations of a gen-
eral plane curved beam are coupled. However, if the cross section
of the curved beam is doubly symmetric and the thickness of the
beam is small in comparison with the radius of the beam, then the
out-of-plane and the in-plane vibrations are independent.2;7

Many investigatorshave studied the in-planevibrationsof curved
beams. The associatedgoverningdifferentialequationsare two cou-
pled differential equations in the � exural and the longitudinal dis-
placements. If the beam is uniform, then the coef� cients of the
differential equations are constants. After some simple arithmetic
operations the two coupled differential equations can be reduced
into a sixth-order ordinary differential equation with constant co-
ef� cients in the � exural displacement.2 Hence the problem can be
solvedbydifferentanalyticalmethods,and theexactsolutionscanbe
obtained.2;8¡10 However, it is not the case for the nonuniformbeams.
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Because of the complexity in the coef� cients of the governing
differential equations, the two-coupled differential equations have
never been uncoupled and reduced into sixth-order ordinary differ-
ential equations. Exact solutions for the curved nonuniform beam
problemareonly found in the work doneby Suzuki and Takahashi,11

who gave an exact series solutionto the beams with the same bound-
ary conditionsat both ends.Nevertheless,theirmethodhasdif� culty
in handing the problems with other kind of boundary conditions.
Hence, the problems were studied mainly by approximated meth-
ods such as the Rayleigh–Ritz method,12 the Galerkin method,13 the
transfermatrix method,14 the discreteGreen functionmethod,15 and
the asymptotic analysis of the equations of free vibrations.16

In this Note, by introducingtwo physicalparameters, the analysis
is simpli� ed, and the explicitrelationsbetweenthe � exuraldisplace-
ment and the longitudinal displacement of the system are derived.
With these explicit relations the coupled governing characteristic
differential equations can be uncoupled and reduced to sixth-order
ordinarydifferentialequationswith variable coef� cients in the � ex-
ural displacement. In addition, by employing the explicit relations,
one only has to measure one variable instead of two simultaneously
while performing experimental studies of curved beams. Hence, it
greatly reduces the dif� culty in experimentalmeasurements.

When the radius of a curved beam becomes in� nite, the curved
beams reduces to a straight beam. Consequently, the sixth-order
ordinary differential equation in the � exural displacement should
reduce to a fourth-order ordinary differential equation. However, it
is not possible to perform this limiting process from the reduced
sixth-order ordinary differential equation for the beam,2 and the
limiting study had never been successfully explored before. In this
Note, byemployingtheexplicitrelations,a successfullimitingstudy
is revealed.

Coupled Governing Differential Equations
Consider the in-plane vibrations of nonuniform curved beams of

constant radius R and doubly symmetric cross section, as shown
in Fig. 1. If the thickness of the beam is small in comparison
with the radius of the beam, without considering the shear defor-
mation, the rotary inertia, and the warping effects the governing
differential equations for the in-plane vibrations are two coupled
differential equations in terms of the � exural and the longitudinal
displacements.7

For time-harmonic in-plane vibrations of curved beams with an-
gular frequency ¯ , one assumes

u.s; t/ D U .s/ei¯ t (1)

v.s; t/ D V .s/ei¯ t (2)

The two coupled governing characteristic differential equations of
the system are

Fig. 1 Geometry and coordinate system of a curved nonuniform beam
of constant radius.


